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Polycubes
A polycube is a very simple representation (orthogonal polyhedra) of a tridimensional 
model,  made up of a set of connected cuboids. 
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[Tarini et al, 2004]
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Polycubes
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[Gregson et al, 2011]

[Han et al, 2010]
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Why polycubes?
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hex-meshing

morphing

spline fitting

texture mapping

quad-meshing 
and quad-layout

and others…
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Hexahedral meshes
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§ A hex-mesh is a volumetric mesh where each element is a hexahedron
§ The union of all elements is the desired volume

may not be 
planar!

may not be 
convex!



Polycube-based meshing pipeline
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§ We map the volume of the shape to the 
polycube space, where the generation of 
the hex-mesh is easier

§ We define the mesh structure in such 
space

§ We use the inverse mapping to bring the     
hex-mesh back to ℝ(



Hex-mesh Scaled Jacobian (SJ)
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§ It is the most popular quality metric for hex-meshes 
§ It measures the quality of a hexahedron, defined within the range [-1,1] :

§ Ideal hexahedron = perfect cube (SJ = 1)
§ A hexahedron convex everywhere has SJ > 0
§ A locally concave hexahedron has SJ < 0

SJ =
 1

SJ > 0 SJ < 
0

even ONE non-conve
x (inverted) 

element makes meshes unu
sable!



Polycube-base hex-meshes
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SJ = 1

SJ << 1

SJ << 1

SJ << 1

SJ << 1



Quality improvement
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we cannot move all vertices

only ONE vertex!
ONLY inner vertice

s

§ We have a problem with the degrees of freedom
§ How many vertices can we move to improve the quality?



The solution is “padding” the mesh
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§ We add a layer of new hexahedra in all the surface to add degrees of freedom
§ Global operation 

now we can move 
all vertices!

Selective Padding for Polycube-based Hexahedral Meshing



Idea: Selective padding
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padding 

not requi
red

padding 

required

§ Padding where the quality of the mapping is low

§ No padding where it is not necessary 1

0.5

0

-1



Global vs Selective padding
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Selective padding:
- elements
+/- singularities
+ quality

Global padding:
+ elements
+/- singularities
- quality



Selective padding pipeline
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We start from the model 
and its polycube

We set and solve a mathematical model
that compute the position 

of the padding layer

We compute the hex-mesh and
we analyse the quality of the mapping 
to decide where the padding is required

We perform the padding as a 
sheet insertion in the polycube
and compute the new hex-mesh

Now we can optimize the hex-mesh
with the new degrees of freedom

(better quality)



Distortion analysis
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We obtain the final set of low quality facets
( HF		set)

HF is the set of hard constraints 
of the mathematical model

The surface of the model is analyzed to find 
the elements with low quality

NB: Extended analysis pipeline in the paper.



Mathematical model

We want to set a mathematical model as follow:

§ INPUT: set of faces that require a padding (HF set)

§ OUTPUT: set of faces to pad
§ Taking care about the number of new hexahedra
§ Taking care about the number of new singularities
§ Taking care about topological consistency
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Find padding facets

A mathematical model with binary and integer variables
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𝑚𝑖𝑛 𝐸 = 𝐸67889:; + 𝜆 > 𝐸?@A6BCD9EF
s.t.

structural	constraints

𝐸67889:; = Q
RS∈U\WX

𝑥𝑓9

NB: simplified formulas. Extended version of formulas in the paper.



Find padding facets

A mathematical model with binary and integer variables
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𝑚𝑖𝑛 𝐸 = 𝐸67889:; + 𝜆 > 𝐸?@A6BCD9EF
s.t.

structural	constraints

NB: simplified formulas. Extended version of formulas in the paper.

𝐸?@A6BCD9EF = Q
CZ∈[∗

𝑡𝑒_ + Q
`a∈b∗

𝑡𝑣B



Find padding facets

A mathematical model with binary and integer variables
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𝑚𝑖𝑛 𝐸 = 𝐸67889:; + 𝜆 > 𝐸?@A6BCD9EF
s.t.

structural	constraints

NB: simplified formulas. Extended version of formulas in the paper.

𝜆=trade-off	factor

𝐸67889:; = Q
RS∈U\WX

𝑥𝑓9

𝐸?@A6BCD9EF = Q
CZ∈[∗

𝑡𝑒_ + Q
`a∈b∗

𝑡𝑣B



Padding constraints
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min𝐸67889:; = Q
RS∈U\WX

𝑥𝑓9

𝑥𝑓9 = 1 ∀𝑓9 ∈ 𝐻𝐹

A binary variable for each facet:

𝑥𝑓9 = k1 𝑖𝑓 𝑓9 𝑛𝑒𝑒𝑑𝑠 𝑝𝑎𝑑𝑑𝑖𝑛𝑔
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Hard constraints for facets in HF

Q
RS∈U(CZ)

𝑥𝑓9 = 2𝑘9 ∀𝑒_ ∈ 𝐸
Constraint to avoid topological 
inconsistencies during the new 
layer propagation



Complexity constraints
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A binary variable for each edge and 
for each vertex:

𝑡9 = k1 𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝑡𝑢𝑟𝑛
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐸?@A6BCD9EF = Q
CZ∈[∗

𝑡𝑒_ + Q
`a∈b∗

𝑡𝑣B

𝑡𝑒_ = 𝑥𝑓9 − 𝑥𝑓{ ∀𝑒_ ∈ 𝐸∗, 𝑓9 = 𝑓{ 𝑎𝑛𝑑 𝑓9, 𝑓{ ∈ 𝐹(𝑒_)

Edge turn:

𝑥𝑓9 − 𝑥𝑓{ = 0

no turn detected

𝑥𝑓9 − 𝑥𝑓{ = 1

edge turn detected

Same reasoni
ng 

for verte
x turns



The sheet insertion

Now we know the set of facets 
to “pad” to create the padding layer

Padding == facet extrusion
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Results
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Original model
min SJ: 0.10
avg SJ: 0.96
#Hex: 4347

Global padding
min SJ: 0.10
avg SJ: 0.94
#Hex: 6197

Select. padding (λ=0)
min SJ: 0.60
avg SJ: 0.95
#Hex: 4945

Select. padding (λ=4)
min SJ: 0.74
avg SJ: 0.98
#Hex: 5773
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Results
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1

0.5

0
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Original model
min SJ: 0.10
avg SJ: 0.94
#Hex: 8676

Global padding
min SJ: 0.13
avg SJ: 0.77
#Hex: 18810

Select. padding (λ=0)
min SJ: 0.39
avg SJ: 0.94
#Hex: 9372

Select. padding (λ=2)
min SJ: 0.54
avg SJ: 0.97
#Hex: 9876

Select. padding (λ=4)
min SJ: 0.31
avg SJ: 0.95
#Hex: 9940



Results
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Original model
min SJ:      0.09
avg SJ:       0.97
#Hex:       9032

Global padding
min SJ:      0.16
avg SJ:       0.95
#Hex:       13868

Selective Padding
min SJ:      0.67
avg SJ:       0.97
#Hex:       9872
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Numbers (timing)
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Comparison
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[Ours][Wang et al. 2018]

min SJ:      0.35
avg SJ:       0.94

min SJ:      0.66
avg SJ:       0.98

§ Comparable results (usually better)

§ More regular inner structure (and less singularities)

§ We can focus the analysis only on the model surface



Limitations
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§ How to choose the λ parameter?

§ Padding “holes”

Selec. Padding (holes)
min SJ:      0.63
avg SJ:       0.95
#Hex:       4550

Selec. Padding (NO holes)
min SJ:      0.65
avg SJ:       0.95
#Hex:       3770

object shapeobject final use
object resolution

to pad,
or not to

 pad?

that’s th
e question



Mechanical parts vs Free-form shapes
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Conclusion and Future work

Algorithm to perform Selective Padding in polycube-based hex-meshes:
§ (only) surface quality analysis
§ automatic insertion of new hexahedral layers
§ singularity and number of elements trade-off

In the future:
§ automatic λ selection
§ padding vs inverse padding (remove layers)
§ more general polycube-based meshes
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Get models
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All models in the paper 
in www.hexalab.net




