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Fig. 1. Hex-meshes can be categorized according to their structural regularity, which depends on the amount of irregular edges and vertices present in the
mesh (red dots) and on how they are connected to each other (bold lines). Irregularities and their connectivity imply a decomposition of the mesh into regular
blocks. The first three meshes were computed with a polycube method [Livesu et al. 2013], the latter with an octree method [Gao et al. 2019].
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1 INTRODUCTION
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2 HEX-MESH STRUCTURE
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Fig. 2. Left: Singular edges of valence k = { ,4, }. Right: There is a 1:1-
correspondence between configurations of vertices in a hexahedral mesh
and triangulations of the sphere. Image from [Liu et al. 2018].



Fig. 3. The singularity graph is formed by interior singular edges of valence
k= (green)and k = (blue) and boundary edges of valence k = 1 (green).
Chains of edges with homogeneous type connect or terminate at singular
vertices (red). Image from [Liu et al. 2018].
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Fig. 4. Two examples of the relation between primal and dual representa-
tions. Top: two alternative hexmesh connectivities. Bottom: their correspond-
ing dual cell complexes, formed by arrangements of 2-manifold sheets.
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2.4  Structural Regularity
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2.5 Integer-Grid Maps
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Fig.5. Aninteger-grid map f deforms the shape (left) such that its boundary
aligns with a Cartesian grid of integer isolines (right). Consequently, its
inverse f~' deforms the covered grid cells into a structure-aligned mesh.
Grid-preserving cuts (dashed green) enable irregular vertices (red) in the
mesh.

singularities via grid-preserving cuts
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Optimize Mesh / Optimize Map \ K Variational

1. geometric fidelity 1. alignment of map .
2. element count 2. grid volume E(f) - min
3. regularity 3. map distortion [ anslates in> Mixed-Integer
4. element quality 4. map distortion Problem

5. anisotropy & sizing 5. metric of map less discrete since

highly discrete

elements implicit
\ j \ in the map

Fig. 6. Integer-grid map optimization algorithms turn the highly discrete
mesh optimization task into a more tractable mixed-integer map optimiza-
tion. All mesh quality criteria are directly related to properties of the map,
as indicated by blue dashed arrows.
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Table 1. List of alternative metrics for hexahedral elements, from the Verdict
library [Stimpson et al. 2007]. Normal ranges are intended for elements not
having degeneracies.
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Fig. 7. Topology and geometry are tightly coupled: the number of hexahedra incident to a singular edge directly bounds the inner angles, thus affecting the
geometric quality of the elements (numbers below each configuration refer to the Scaled Jacobian of the geometric map). Image from [Livesu et al. 2021].
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and fully refined cubes, respectively. The other templates are used to manage
the transition between them.
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Fig. 14. 2D pipeline of the feature preservation octree-based hex-meshing. Top row: adaptive quadtree constructed from the input, dual of the quadtree, and
quadrilateral (quad-) mesh including a scaffold mesh. Bottom row: topological matching of feature graphs, variational padding of both the target mesh and
the scaffold, mesh deformation to fit the input, and the final pure quad-mesh. Image from [Gao et al. 2019].

Fig. 15. If a quad maps two of its four edges onto a linear feature line
it becomes locally degenerate (left). Splitting it into 5 sub-quads ensures
enough degrees of freedom to produce all valid mesh elements. Similar
configurations may also occur on 3D meshes, and can be resolved with a

special padding scheme that splits a hexahedron into 6 sub elements (right).

Image from [Gao et al. 2019].
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Fig. 16. The pipeline for polycube based hexmeshing generates a locally injective simplicial map through volumetric deformation, and then uses it as a

medium to transfer a regular grid sampling of the polycube to the target shape.
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Fig. 17. Top: a set of pathological shapes with exemplary surface labelings
that will push polycube deformation energies towards the generation of
locally or globally inconsistent states, not defining a proper polycube. Bot-
tom: after strategically modifying the labeling, a deformation into polycube
shape is successful. Image from [Sokolov 2016].
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Fig. 18. Adaptively sampling a coarse polycube allows to restore major
features that are not explicitly encoded in parametric space (right), and that
could not be obtained with a regular sampling (left), not even with a dense
one (middle). Image from [Pitzalis et al. 2021].
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Fig. 19. Frame field based hexahedral mesh generation: Given an input tetrahedral mesh (left), first a boundary aligned and smooth frame field is generated
(middle, yellow). The frame field serves as a proxy for the local orientation of hexahedra and thus enables the efficient generation of an integer-grid map
(middle, red), which induces a hexahedral mesh (right). Image from [Liu et al. 2018].
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Fig. 20. Some challenging examples of hex-dominant re-meshing using [Gao

et al. 2017b].

Fig. 21. Some CAD models remeshed by [Livesu et al. 2020]. In this case
the meshes are hex-only.
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Table 2. Summary of the main properties for each class of hex-meshing algorithms reported in Sec. 4. Some of the columns in this table correspond to items
also listed in [Blacker 2000]. As a rough indicator for the extent of (ongoing) research activity, we list the number of overall works and recent (published within
the last 5 years) works (referenced in this survey) dealing with each class.
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Fig. 22. Examples of self-intersecting sheet (green) and self-touching sheet
(red).
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Fig. 23. Two meshes generated using sweeping are not conform along a
contact surface (top); Performing sheet operations on the green mesh allows
to get a conforming interface (bottom). Image from [Staten et al. 2010b].
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Fig. 24. The set of the hexahedrizations of the buffer cubes that the [Er-
ickson 2014]’s algorithm uses to mesh arbitrary domains. (top) Cells with
20 quadrilaterals are meshed with 37 hexahedra. (bottom) Cells with 22
quadrilaterals are meshed with 40 hexahedra. Elements are colour codeded
to show the different sides of the original cubes (top-left and bottom-left).
Image from [Verhetsel et al. 2019b].
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(a) doublets (b) divided shrink set

(c) padding layer (d) optimized hexahedra

Fig. 25. A summary of the padding pipeline: (a) The hexahedra H1 and H2
share two faces forming two doublets. (b) The shrink set is disconnected
to the other elements in the mesh. (c) The elements of the shrink set are
linked to the mesh forming the padding layer. (d) The hexahedra involved
in the refinement can now be optimized with a smoothing/untangling step.
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5.5 Structure Enhancement/Simplification
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Fig. 26. Without controlling of alignment, the same set of singularities can
introduce two hex-meshes having base complexes with different complexity.
Image from [Gao et al. 2015].

Fig. 27. Removing either a base complex sheet (left) or a chord (right) on
the global structure of a hex-mesh monotonically reduce the number of
components of the base complex. Image from [Gao et al. 2017c].
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Fig. 28. Turn an octree-based hex-mesh with a highly complex structure
into a hex-mesh with a coarse structure. Image from [Gao et al. 2017c].
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Fig. 29. Corner-based approaches optimize hex shape by considering the
set of eight tetrahedra formed by each corner and its three incident edges.
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Fig. 30. A degraded hex-mesh obtained by randomly displacing interior
vertices (left, first two columns), optimized with a state-of-the-art corner
based approach [Aigerman and Lipman 2013]. Hard constraining the surface
does not allow to fully untangle the mesh (middle right, see red elements
and spikes at the bottom and top). Relaxing it yields a mesh with positive
minimum Jacobian, but introduces excessive surface deviation (right). Scaled
Jacobian is color coded, from pure red (S) < ) to pure blue (S) = 1).

Fig. 31. Cone-based methods cast mesh untangling as the problem of finding
a valid axis for pairs of oppositely oriented cones associated to mesh edges.
If the axis of each cone stays on the positive half space w.r.t. its base, then the
Jacobian at the corners of each element incident to such edge is guaranteed
to be strictly positive. Image from [Livesu et al. 2015].
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Fig. 32. From left to right: pyramid, wedge, and knife - the only hybrid
elements listed in the Verdict Library [Stimpson et al. 2007], a popular
reference for the computation of quality metrics of finite elements.
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Fig. 33. The interactive visualization tools offered by Hexalab: Internal
exploration using a sweeping plane (a) or the peeling tool (b); Coloring
elements by their quality and the resulting histogram (c).
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Fig. 34. The pre-processing pipeline of [Xu and Chen 2018]: (a) Extracting
the base complex; (b) One Dual sheet layer; (c) The final visualization.
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8 CURRENT TRENDS AND FUTURE PERSPECTIVES
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8.1 Theoretical Challenges
Characterization and Synthesis of Hex-Meshable Frame Fields. T
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Fig. 35. Two polycubes having non 3-connected graphs. The red nodes at
the left is 6-connected; the one at the right is 4-connected. These orthog-
onal polyhedra are not included in the graph characterizations provided
in [Eppstein and Mumford 2010] and [Zhao et al. 2019].
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Table 4. List of available implementation of hex-mesh processing algo-

rithms.
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Table 5. List of existing open source toolkits for visualization and processing of hex and hex-dominant meshes. Note that while some of these tools endow a
broader set of facilities (e.g. for surface mesh processing), the table summarizes only the aspects that are relevant for the scope of this article.
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